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We study the dynamics of a particle tunneling between the ground states of a symmetric double
potential well system, in the presence of simultaneous diagonal and non-diagonal couplings to an
Ohmic oscillator bath. We use the non-interacting-blip-approximation to investigate coherence
effects across a wide range of system-environment couplings at physiological temperatures. We
show how the presence of a non-diagonal coupling mechanism dramatically alters the dynamics of the
tunneling particle, leading to a revival in coherent oscillations despite strong thermal fluctuations.
Our model demonstrates that fluctuations in both the particle’s polarization, as well as tunneling
energies, lead to competing influences on the coherent nature of the particle dynamics, with non-
diagonal couplings reducing the decoherence time by up to an order of magnitude in the intermediate
coupling regime.
PACS numbers:
Introduction: Understanding and controlling open quan-
tum systems is currently a key area of research span-
ning the scientific domain from quantum computing [1],
to molecular physics and emergent quantum phenomena
in biology [2]. A central challenge within these fields is
understanding the mechanisms driving decoherence—the
process by which a quantum system becomes entangled
with its environment and loses its quantum information
[3].
Accurately modeling the coherent dynamics of a quan-
tum system subject to complex environmental interac-
tions remains a significant challenge. One of the most
powerful analytical models used to study quantum sys-
tems under the influence of a large number of environ-
mental modes is the much celebrated spin-boson (SB)
model [4]. The SB model describes a particle tunneling
between the ground states of two potential wells cou-
pled to a bath of harmonic oscillators. The model, and
its corresponding solution using the non-interacting-blip
approximation (NIBA), permits the exploration of both
coherent and incoherent dynamics in a central two-state
quantum system of interest, such as a qubit [5] or an
impurity spin [6], coupled with arbitrary strength to an
environment simulating classical noise on the system. It
therefore provides one with the tool with which to study
coherent dynamics within a wide class of quantum sys-
tems subject to significant environmental noise, without
invoking limiting assumptions such as the Markov ap-
proximation [7].
One significant limitation of the SB model however,
is its restriction to only a ’diagonal’ system-environment
coupling. These forms of couplings modulate the on-site
energy terms of the tunneling particle due to a fluctuat-
ing polarisation field, and are otherwise known as Hol-
stein couplings [8] in the context of polaron physics. An-
other significant form of system-environment interaction,
which is absent in the SB model, is the Peierls coupling
[9] which modulates the tunneling term of the central
two-state system. These types of interactions are other-
wise known as non-diagonal (or non-local) couplings and
it has become increasingly evident in recent years that
the inclusion of such terms changes the physics substan-
tially. Non-diagonal couplings, which describe fluctua-
tions in the tunneling matrix element, are proportional
to the overlap of the ground state wavefunctions in the
two-state system [4, 10]. Therefore, one could argue that
the study of coherent tunneling particle dynamics, which
implies some degree of particle delocalisation between
wells, actually necessitates the inclusion of non-diagonal
couplings which arise explicitly in these circumstances of
significant wavefunction overlap.
Non-diagonal couplings have begun to be studied
within the context of polaron formation in molecular
physics [11]. It has been shown that they can have
a pronounced effect on the polaron properties, from a
strong temperature dependent bandwidth narrowing [12],
to an increased charge mobility [13]. Furthermore, non-
diagonal couplings have been shown to dramatically alter
a polaron’s ground state properties [14]. More recently
non-diagonal couplings have been incorporated in to the
SB model numerically, however an unrealistic two inde-
pendent bath approach for each coupling type [15] is used
excluding the possibility of correlations between coupling
mechanisms. Analytical attempts have been made at a
dual-coupling approach to the SB model [16], however
a mean-field approximation has been invoked, which ex-
cludes any bath correlation effects and limits the treat-
ment of coherence effects to low temperatures and weak
residual bath couplings.
In this paper we extend the SB model to include both
simultaneous diagonal and non-diagonal couplings while
making use of the NIBA method, which is based upon the
powerful path-integral techniques of [17]. This allows us
to retain boson-boson correlation processes, and facilitate
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2a study of emergent coherence effects even at physiolog-
ical temperatures. It is generally assumed that coher-
ence effects are absent in tunneling systems at relatively
high temperatures and significant coupling to the bath
[18], owing to strong thermal fluctuations in the envi-
ronment. However, these conclusions are usually reached
based upon models that include only diagonal couplings.
Here we show that the inclusion of non-diagonal cou-
plings can greatly reduce decoherence rates to such a de-
gree that the tunneling particle remains coherent, despite
operating in a regime that would otherwise present inco-
herent dynamics with only diagonal couplings.
We study the dual-coupling model in the context of an
environment characterized by an Ohmic spectral density
at high temperatures kBT  ∆, where ∆ is the tun-
neling energy of the central spin-1/2 system. Since we
are interested in physiological temperatures around T =
298K, kBT = 26meV, the tunneling energies we consider
are therefore of the order meV, which is relevant to the
molecular tunneling energy scale [19]. Ohmic spectral
densities have been used to model bosonic spin-density
excitations in metals [20] as well as dielectric environ-
ments such as polar solvents surrounding biomolecules
[21]. They were also studied extensively in the original
SB-model within the context of modeling superconduct-
ing flux-qubits and their environment [4]. Since we are
operating within NIBA we focus our attention on the
unbiased central spin system which, when coupled to an
Ohmic bath, is understood to be a stable approxima-
tion across the full range of coupling strengths at high-
temperatures [22].
The rest of the paper is structured as follows. We
first introduce the DC model and perform a canonical
transformation to arrive at an effective DC-Hamiltonian.
Then we study the dynamical properties of the central
spin by averaging over the environmental degrees of free-
dom within a NIBA approach. We demonstrate the ef-
fect that introducing a non-diagonal coupling has on its
spectral function and dynamical properties. We conclude
that the presence of non-diagonal couplings substantially
reduce decoherence rates, even in the intermediate cou-
pling regime at relatively high temperatures. We see a re-
emergence of coherent dynamics in a system that would
otherwise be well within the incoherent regime, and a
prolonging of the coherence time of the tunneling particle
by up to two orders of magnitude in the often neglected
intermediate regime of bath couplings.
The dual-coupling (DC) model
In the dual-coupling (DC) model both the on-site en-
ergies and the tunneling energies are modulated by the
bath due to the simultaneous presence of diagonal cou-
plings to σz, and non-diagonal couplings to σx. The Pauli
matrices span the Hilbert space of the central two-state
tunneling system and are given by σz = |1〉〈1| − |2〉〈2|
and σx = |1〉〈2| + |2〉〈1|, where the states |1〉 , |2〉 cor-
respond to the two ground states of a double potential
well system [4]. A general form for the Hamiltonian is
therefore
H = 12 [({bq})σz + ∆({bq})σx] + HB (1)
where ({bq}) and ∆({bq}) are diagonal and non-diagonal
terms in the site index, which are also functionals of the
phonon variables; and HB =
∑
q ωqb
†
qbq is the phonon
Hamiltonian. We consider the unbiased SB Hamiltonian
with the addition of a non-diagonal coupling term which
to linear order in the bath couplings [14] gives
H =
∆
2
σx +
σz
2
∑
q
λzq(bq + b
†
q)
−σx
2
∑
q
λxq (bq + b
†
q) +HB (2)
where ∆ is the tunneling energy, HB =
∑
q ωqb
†
qbq the
kinetic energy of the bosonic bath and λq is the cou-
pling strength of each phonon mode q to the central spin
Hamiltonian.
The negative non-diagonal interaction term arises
due to the expansion of the hopping matrix element
which depends exponentially on the phonon displacement
∆({bq}) = ∆exp[−
∑
q Vq(bq + b
†
q)], where Vq defines an
interaction strength for phonon mode q and contributes
to λq in the linear approximation[14].
We introduce a parameter ζ = λxq/λ
z
q that defines the
strength of non-diagonal interaction relative to the diag-
onal interaction. We therefore consider the two forms of
bath coupling to share the same bosonic frequency de-
pendence up to a scaling factor ζ [16]. This facilitates
the following analysis while retaining the essential novel
physics in the model.
We proceed to transform the above Hamiltonian in to
the polaron frame (or shifted oscillator basis) by applying
the transformation [11]
U = e−S , S = (1/2)(σz − ζσx)
∑
q
uq(bq − b†q) (3)
where uq = λq/ωq. Performing the transformation H →
UHUT ≡ H˜, and ignoring constant energy shifts, leads
to the DC-Hamiltonian
H˜ = ˆσz + Kˆ−σ+ + Kˆ+σ− +HB (4)
where the transformed on-site energy ˆ and transformed
tunneling energies Kˆ± are now functions of the boson
operators b, b† and are found to be
ˆ =
ζ∆
2(1 + ζ2)
(
cosh(φˆ)− 1
)
(5)
3and
Kˆ± =
∆
2(1 + ζ2)
(
cosh(φˆ)− 1
)
± ∆
2
√
1 + ζ2
sinh(φˆ) +
∆
2
(6)
where B± = exp(±φˆ) are the bosonic shift operators
[10, 23] and φˆ =
√
1 + ζ2
∑
q uq(bq − b†q). Despite zero
bias energy in the central spin Hamiltonian H, we nev-
ertheless pick up a bias term in the transformed Hamil-
tonian H˜ due to non-diagonal interactions renormalizing
the on-site terms.
Dynamics in the DC model
The time evolution of the two-state system is governed
by the reduced density matrix ρs(t) = TrB [ρ(t)]. Since
the dimer system has been decoupled from the external
oscillator bath, each element of the density matrix is de-
scribed in the path integral formalism by the equation
ρs(σf , σ
′
f ; t) =〈 ∑
σi,σ′i
∫ σf
σi
Dσ(τ)
∫ σ′f
σ′i
Dσ′(τ ′)eiS˜0[σ(τ)]−iS˜0[σ
′(τ ′)]ρs(σi, σ
′
i; 0)
〉
B
(7)
where σf = σ(τ = t), σ
′
f = σ
′(τ ′ = t), σi = σ(τ =
0), σ′i = σ
′(τ ′ = 0) are paths that visit the two states
in the central dimer system σ, σ′ ∈ {|1〉 , |2〉}. The two
paths σ, σ′ are independent now due to the polaron trans-
formation. The average 〈...〉B = TrB(ρ...), corresponds
to the trace over the bath degrees of freedom.
The transformed probability amplitudes in the inter-
action picture are obtained by direct integration of the
Schro¨dinger equation, and are related to the propagator
in the path integral formalism
G˜σfσi(t) =
∫ σf=σ(t)
σi=σ(0)
Dσ(τ)eiS˜0[σ(τ)]
= 〈σf | e−i
∫ t
0
dτH˜(τ)/~ |σi〉 (8)
where S˜0 corresponds to the action of the transformed
DC Hamiltonian. Despite the exciton-phonon decou-
pling, the bath degrees of freedom must still be traced
over.
We’re interested in studying the time-evolution of the
state populations therefore we consider the ρs(1, 1; t) el-
ement of the density matrix, which is related to the spin
polarization via 〈σz(t)〉B = (1 + ρs(1, 1; t))/2 [4, 22]. As-
suming that the exciton follows instanton paths, such
that it tunnels instantaneously between wells, the expec-
tation value of the spin polarization at time t averaged
over the bath degrees of freedom 〈σz(t)〉B , gives rise to
the integral equation [23]
〈σz(t)〉B = 1−
∫ t
0
dτ
∫ τ
0
dτ ′ Υ˜(τ − τ ′)σz(τ ′) (9)
The self energy acting between times τ and τ ′ is
Υ˜(τ − τ ′) = ei2˜(τ−τ ′)/~
〈
K+(τ)K−(τ ′)
〉
B
+e−i2˜(τ−τ
′)/~
〈
K−(τ)K+(τ ′)
〉
B
(10)
For simplicity the zero-point energy has been shifted to
state |1〉, such that 1 = 0, 2 = −2ˆ and the amplitude
for no transitions G˜011(t)=1 is therefore unity.
It has been assumed here, that bath correlations die off
sufficiently fast, such that a bosonic shift operator B±(τ)
acting at a time τ = τn can only interact with a consec-
utive operator B±(τ ′) at a time τ ′ = τn+1. Correlations
between kernels acting between times τ1 and τn therefore
reduce to〈
K+(τ1)K−(τ2)K+(τ3)K−(τ4)...K+(τn−1)K−(τn)
〉
≈
〈
K+(τ1)K−(τ2)
〉〈
K+(τ3)K−(τ4)
〉
...
〈
K+(τn−1)K−(τn)
〉
(11)
This effectively assumes that bath correlations are rela-
tively short lived. This approximation has been shown
to be equivalent to NIBA [24]. It is assumed here that
the average time spent by the exciton in the off-diagonal
elements of the density matrix is much smaller than the
average time spent in the diagonal elements. Therefore
we retain coherence effects, albeit relatively short lived
ones, which is nonetheless distinct from the Markovian
approximation which assumes the bath correlations die
out completely over the timescale of interest of central
system dynamics.
In Equation 10, it has also been assumed that the
transformed on-site energy fluctuates rapidly around it’s
mean value such that we retain only it’s average value
˜ ≡〈ˆ〉B = ζ∆
2(1 + ζ2)
(
〈cosh(φˆ)〉B − 1
)
=
ζ∆
2(1 + ζ2)
(〈B±〉B − 1) (12)
in the Laplace transform of Υ˜(t).
The system can be solved by taking successive Laplace
transforms, which produces
〈σz(λ)〉B = 1
λ+ Υ˜(λ)
(13)
The self-energy is found to be
Υ˜(λ) =
∆2
2
∫ ∞
0
dte−λt cos(2˜t)
[
I − B
2
1 + ζ2
sinh (ϕ(t))
+
B2
(1 + ζ2)2
cosh (ϕ(t))
]
(14)
4where
I =
1− 2B
(1 + ζ2)2
− 2(1− B)
1 + ζ2
+ 1 (15)
The bath correlation functions contained in the expan-
sion of Equation 10 can be evaluated using a variety of
techniques [10], and expressed in the continuum limit as
〈B±(t)B∓(0)〉B = 〈B±〉〈B∓〉eϕ(t) (16)
where the phase
ϕ(t) = iQ′(t) +Q′′(t) (17)
is comprised of the well known bath correlation functions
[22]
Q′(t) =
∫ ∞
0
dω
J(ω)
~ω2
sin(ωt)
Q′′(t) =
∫ ∞
0
dω
J(ω)
~ω2
cos(ωt) coth(~βω/2) (18)
The spectral density function J(ω) =
(pi/2)
∑
q(λ
2
q/ωq)δ(ω − ωq) describes the distribu-
tion of bath modes weighted by their coupling to the
exciton. The terms B ≡ 〈B±〉B are the temperature-
dependent Franck-Condon factors, which can be cast in
the continuum limit as [22]
B = exp
[
−
∫ ∞
0
dω
J(ω)
ω2
coth(βω/2)
]
. (19)
Results for the Ohmic-DC model
It now remains to define the form of the bath spectral
density. Here, we use an Ohmic form given by
J(ω) = ηωe−ω/ωc (20)
where ωc is a high-frequency cut-off and η is the fric-
tion coefficient [22]. The dimensionless measure of the
diagonal coupling parameter is therefore γ = η/~.
Using standard results [4, 22] for the Ohmic bath cor-
relation functions in Equation 18, and evaluating the
high-temperature Franck-Condon factors based on a vari-
ational approach [25]
B = (piµωc)−γ (21)
we find the self energy to be
Υ˜(λ) =
B2∆2µΓ(1− 2γ
√
1 + ζ2)
2
{
cos(piγ
√
1 + ζ2)
(1 + ζ2)2
[
f(λ+ 2i˜) + f(λ− 2i˜)
]
− i sin(piγ
√
1 + ζ2)
(1 + ζ2)
[
f(λ+ 2i˜)− f(λ− 2i˜)
]}
+
I∆2λ
λ2 + 4˜2
(22)
where
f(λ) =
1
γ
√
1 + ζ2 + µλ
Γ(γ
√
1 + ζ2 + µλ)
Γ(1− γ
√
1 + ζ2 + µλ)
(23)
where Γ(z) is the Gamma function.
We now study the dynamics of the DC model,
calculated from the inverse-Laplace transform of the
complex frequency space spin polarization 〈σz(t)〉B =
(1/2pii)
∫
C
eλt〈σz(λ)〉B . As it stands, Equation 23 pro-
duces a pole structure to 〈σz(λ)〉B of arbitrary order in λ,
and therefore must be approximated in order to facilitate
contour integration. We consider the high-temperature
approximation of the influence functional which is valid
in the limit µ = 1/(2pikBT )  ∆ [4]. This allows us to
expand the self-energy to second order in µλ, such that
f(λ) =
µ ν
γ + µλ
(
1 + µΛλ+
µ2Θ
2
λ2
)
(24)
where
ν = cos(piγ)
Γ(1 + γ)Γ(1− 2γ)
Γ(1− γ) ,
Λ = ψ0(1 + γ)− ψ0(1− γ)
Θ = ψ0(1− γ)2 − 2ψ0(1− γ)ψ0(1 + γ)
− ψ0(1 + γ)2 + ψ1(1 + γ) (25)
The functions Γ(z), ψ0(z), ψ1(z) are the gamma function,
digamma function and trigamma function respectively.
In Figures 1 (a-d) we investigate the effect that turning
on non-diagonal couplings has on the spin dynamics. For
weak coupling to the bath (Fig. 1 (a)), we see damped
coherent oscillations between spin states over the course
of tens of picoseconds. As the relative non-diagonal cou-
pling parameter ζ is switched on, we observe not only
an increase in the duration of coherent oscillations with
ζ, but a slight increase in the amplitude of oscillations
5(a) (b)
(c) (d)
FIG. 1: Spin polarization dynamics. Parameters: kBT =
26meV, ∆ = 1meV, ~ωc = 100meV. (a) γ = 0.001, (b) γ =
0.005, (c) γ = 0.01, (d) γ = 0.1. For all plots: ζ = 0 (blue),
ζ = 0.5 (pink), ζ = 1 (purple)
as well. As the strength of the coupling to the bath is
increased, from the perturbative regime in Figs. 1 (a-c)
to the intermediate coupling regime in Figs 1 (d), we ob-
serve further augmentation of coherent oscillations with
ζ. For relatively weak coupling to the bath such that
γ = 0.001, oscillations within the SB model (ζ = 0) have
completely died out and we are within the incoherent
hopping regime of the tunneling particle [4, 18, 26]. This
is owing to strong thermal fluctuations in the bath at
physiological temperatures T = 298K considered here.
Despite this, as the non-diagonal coupling is turned on,
we see a revival of coherent oscillations. This effect is fur-
ther improved in the intermediate bath coupling regime
where the spin oscillations persist for 100s of picoseconds
despite operating in the completely incoherent limit oth-
erwise if ζ = 0.
The improvements in coherence times observed in Fig.
1 can be quantified by considering the dynamical prop-
erties of the tunneling particle, which are governed by
the pole structure of 〈σz(λ)〉 in Equation 13. Laplace
inversion of the spin polarization produces damped oscil-
latory terms governed by the entirely real and/or com-
plex conjugate poles of 〈σz(λ)〉, which produces one en-
tirely real pole λ0 and several complex conjugate poles
λi. Entirely real poles lead to pure relaxation driving the
system towards its equilibrium value, while the complex
conjugate poles determine the duration and frequency of
coherent oscillations. We therefore interpret the coher-
ence time as τφi = 1/Re(λi), which defines the timescale
over which the oscillatory components are suppressed for
a given mode i oscillating with frequency Im(λi). The
two coherence times τφ1,2 produced by Laplace inversion
(a) (b)
FIG. 2: Coherence times of tunneling particle plotted against
bath coupling strength γ. Parameters: kBT = 26meV, ∆ =
2meV,  = 10meV, ~ωc = 100meV.
of Equation 13 are plotted in Fig. 2 as a function of bath
coupling strength γ. The coherence time τφ1 is present
in the SB model with ζ = 0, and displays the familiar in-
verse relationship with coupling strength (Fig. 2 (a). As
the non-diagonal coupling is switched on ζ = 1 however,
we observe not only an improvement in coherence times
across the range of γ, but the formation of an additional
oscillation mode with coherence time τφ1 (Fig. 2 (b)).
This reflects the observations of improved tunneling par-
ticle coherence with non-diagonal coupling shown in Fig.
1, with the increase reaching up to an order of magnitude
in the intermediate coupling regime γ = 0.1.
We now study the polaron spectrum which will re-
flect the dynamical properties of the tunneling parti-
cle in frequency space. The polaron spectrum is given
by the Fourier transform of the propagator A(ξ) =
Re
∫∞
−∞ dte
iξt〈G˜11(t)〉B of the tunneling particle Green’s
function defined in Equation 8. If one chooses to calcu-
late using Laplace transforms as we have done so in this
analysis, one can recover the Fourier transformed spec-
trum via A(ξ) = limΓ→0 Re[G˜11(λ = iξ + Γ)].
In Fig. 3 we see the spectrum for various values of the
bath coupling strength γ and the relative non-diagonal
coupling parameter ζ. For zero non-diagonal coupling
in Fig. 3(a), such that our model reduces to the SB
model, the peak centered around the tunneling energy
frequency ∆ is absent for all but the weakest bath cou-
pling strengths. This peak corresponds to the quantum
chemistry zero-phonon line (ZPL) [27], representing the
adiabatic limit of the bath with linewidth broadening due
to thermal fluctuations. Here the peak centered around
(ξ = 0)–which governs the long-time dynamics tending
towards equilibrium [4]–dominates the spectral proper-
ties of the polaron. At this point all oscillations in the
system have been ’washed’ out by the environment and
the system is in the incoherent limit.
As the relative non-diagonal coupling strength ζ is
turned on and increased for Figs. 3(b-d), we see the
reemergence of a distinct ZPL with a Fano resonance
line shape, and a shifting of the zero-frequency peak
off the ξ = 0 line. A Fano resonance can be identified
6(a) (b)
(c) (d)
FIG. 3: Normalized tunneling particle spectrum. Parameters:
kBT = 26meV, ∆ = 2meV,  = 10meV, ~ωc = 100meV. (a)
ζ = 0, (b) ζ = 0.1, (c) ζ = 0.5, (d) ζ = 1. In units of meV
by the skewed ZPL line shape which arises due to in-
terference effects between the discrete tunneling particle
states and the continuum of bosons [28]. The result of
this resonance is to revive long-lived oscillations in the
spin dynamics, characterized by its large spectral weight
and small linewidth. The Fano effect has been identified
in experiments as evidence of strong electron-phonon in-
terference effects [29], and can also be used to measure
the extent of particle delocalization and phase coherence
in a quantum-dot system coupled to a continuum [30].
Such a spectral feature could therefore be used to identify
features of non-diagonal couplings in coupled impurity-
boson systems.
To understand the reduced decoherence rates observed
in our model, consider the physical mechanisms intro-
duced by the fluctuating σx term in Equation 2 represent-
ing the non-diagonal coupling. This term permits boson
absorption and emission processes, allowing the particle
to tunnel between states via particle exchange mediated
by the bath. These processes have been predicted to fa-
cilitate particle delocalization [16], which is in accordance
with the persistent oscillations observed here. These re-
sults are also supported by studies of non-diagonal (non-
local) polaron couplings in organic crystals, where it was
predicted that the phonon dressing effect can be reduced,
leading to increased particle mobility within certain re-
gions of the parameter space [12, 31].
Summary
We have studied an unbiased, two-state (spin 1/2) sys-
tem in the presence of simultaneous diagonal and non-
diagonal couplings to a shared Ohmic oscillator bath at
molecular tunneling energy scales and physiological tem-
peratures (T = 298K).
We have shown how the presence of non-diagonal
system-environment interactions dramatically alters the
coherent nature of the tunneling particle, leading to a re-
vival in robust coherent oscillations despite strong ther-
mal fluctuations from the bath. Contrary to the assump-
tion that tunneling systems, operating at relatively high
temperatures and significant bath couplings should be in-
coherent, we demonstrate that the commonly neglected
non-diagonal coupling may actually help preserve coher-
ence effects. This is evidenced by prolonged coherent
oscillations observed in the tunneling particle dynamics
as well as the emergence of a narrow zero-phonon-line in
its spectrum.
The approach used in this work, which is based on a
polaron transformation method and the non-interacting-
blip approximation, sets the stage for further investiga-
tion in to the deep coherent regime with extensions to
the model such as the nearest-neighbor-blip approxima-
tion (NNBA) [22, 23]. The analysis framework offered
by the dual-coupling polaron transformation, and the
corresponding dynamics calculated here, therefore offers
a simple way to extend the model in to the intermedi-
ate temperature regime involving long-range bath corre-
lations with NNBA.
We would like to thank Philip Stamp for many helpful
discussions as well as Mona Berciu and Alberto Nocera
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